From Wikipedia: "In mathematics, the Kummer-Vandiver conjecture, or Vandiver conjecture, states that a prime p does not divide the class number h(R) of the maximal real subfield R of the p-th cyclotomic field.
Introduction, necessary facts from K-theory
In what follows we will need a number of facts about Picard groups proved in [5] .
We will use the following notations. C 2 will be the cyclic group of order p 2 , where p is an odd prime number. ζ = ζ 1 will be a p-th root of unity, while ζ 2 will be a primitive p 2 -root of unity.
The structure of U (Z[ζ 1 ]/(p)) is well-known:
Here, F p is the prime field of characteristic p and F * p is the group of its invertible elements. Now, let us introduce an important number r 0 . Let S i , i = 1, 2 be the Sylow p-part of the class group of Z[ζ i ]. Let us denote the subgroup of the group Char(S 1 /S p 1 ) generated by all ∈ U (Z[ζ 1 ]) : ≡ 1 mod (p) by (Char(S 1 /S p 1 )) . Definition 1.3. r 0 = log p (#(Char(S 1 /S p 1 ) )) = log p (#{{ ≡ 1 mod (p)}/{ ≡ 1 mod (ζ 1 − 1) 2 } p }).
Now we can formulate an important result:
Another important observation was made in [5] : there exists a splitting map Cl(Z[ζ 2 ]) → P ic(A). Therefore, P ic(A) = P ic(Z[ζ 2 ]) ⊕ B for a certain group B, which will be described explicitly in the next subsection. The Mayer-Vietoris exact sequence reads now as
We continue to review necessary results of [5] .
Invertible modules over A
By Milnor's theory of projective modules over Cartesian products (see [4] ), any invertible module over the ring A can be presented as M (α 1 , α 2 , h), where α k ∈ Z[ζ k ], k = 1, 2 and h ∈ U (F ). The facts below were proved in [5] :
We will denote the Sylow p-part of B by B p . Then, the essential part of the exact Mayer-Vietoris reads as follows:
Numbers R, r, and fine structure of B p
Let us denote the number of Z p -generators of the group S 1 by R. Let us denote by L ⊂ S 1 the subgroup generated by the ideal classes α ∈ S 1 such that M (α, Z[ζ 2 ], h) has exponent p in P ic(A). Of course, L is a subgroup of S 1 and α has exponent 1 (this means that α p = 1) in S 1 .
Lemma 1.5. L consists of elements α ∈ S 1 such that α p = (q) and q ≡ ∈ U (Z[ζ 1 ]) mod(p).
Remark 1.6. Changing q, we can set = 1.
Proof. A proof easily follows from the properties of M (α 1 , α 2 , h) above.
The following result was proved in [5] :
Let us denote the number of of Z p -generators of L by r.
where B 1 can be described in the following way: it is a p-group, its number Z p -generators is R. They are in a one-toone correspondence with generators α i , 1 ≤ i ≤ R of S 1 . We denote them by
The choice of Z p -generators of the group B 1 is not canonical. However, generators of F (p−3)/2 can be chosen in a canonical way. Theorem 1.10. Let S p be a subgroup of S 1 consisting of elements of exponent 1. Then the map S p → V determined by α → q, where α p = (q) is well-defined and its kernel is L.
Proof. If we substitute α by rα, r ∈ Q(ζ 1 ), then q → r p q. Another possible choice of q is q . These changes will not affect the image of α in V. The statement about the kernel follows from the properties of M (α 1 , α 2 , h) above.
We remind the reader that V ∼ = F while V + ∼ = F r0 . However, it is not difficult to see that V + = Im(S p ).
Action of complex conjugation and further relations between R-and r-numbers
Let r ± be the number of Z p -generators of L ± and let R ± be the number of Z p -generators of S 1 . Here, L = L + ⊕ L − and S 1 = (S 1 ) + ⊕ (S 1 ) − are defined by action of the complex conjugation σ.
Proof. The units defining Char(S 1 /S p 1 ) are real. It is a consequence of Kummer's Lemma mentioned above.
Proof. Using 1.7 and the lemma above, we see that L − = (Char(S 1 /S p 1 )) − = Char((S 1 /S p 1 ) + ) what implies the first equality. The second can be proved analogously, alternatively it follows from equalities R = r + r 0 , R = R + + R − , r = r + + r − .
Now, we can reformulate 1.9: Corollary 1.16.
• We have two exact sequences
which are in a one-to-one correspondence with generators α 1 , · · · , α R− of (S 1 ) − . Furthermore, r − generators of (B 1 ) − have the same exponent as the corresponding generator of (S 1 ) − and R − − r − generators have exponent exp(α i ) + 1.
• (B p ) + has a similar description but we will not need it.
B p as a Galois group and the second inequality
Following ideas of [2] , let us define the ray ideal group H as the group of those principal ideals of Q(ζ 1 ), which possess a generator g such that g ≡ 1 mod(p). Let us denote Q(ζ n ), ζ p n n = 1 by K n−1 . Sometimes we denote K 0 simply by K. Let M/K be the Sylow p-part of the ray class field extension associated with the group H. Hence, M/K is an abelian extension with the Galois group Gal(M/K) ∼ = (I 0 (K)/H) p , where I 0 (K) is the group of ideals of K prime to p and (I 0 (K)/H) p is the Sylow p-subgroup of the finite group I 0 (K)/H (the group of all ideals of K will be denoted by I(K)).
We remind the reader that groups B and B p were defined in subsection 1.2.
Proof. Clearly this map is surjective. Let us prove that the map is injective. Indeed, its kernel consists of elements such that h −1 α is a principal ideal, which possesses a generator g ≡ 1 mod(p). However, it follows from the properties of invertible modules over the ring
Corollary 2.2. Let L be the Sylow p-part of the Hilbert class field of K.
• Then Gal(L/K) ∼ = S 1 , Gal(M/L) ∼ = V, and the Mayer-Vietoris exact sequence 0 → V → B p → S 1 becomes the exact sequence of the Galois groups of the tower of field extensions K ⊂ L ⊂ M.
• Consequently, there are exactly R − r cyclic extensions
Now, we will need the diagram of field extensions as illustrated below.
We follow the proof of Lemma 4.4 of [2] . If K n ∩ M = K, then K n ∩ M ⊃ K 1 . Therefore, it is sufficient to prove that K 1 is not contained in M. Indeed, M is associated with the ray group H defined above. As it is well-known, K 1 is a class field over K = K 0 associated with the ray group P = {α ∈ I(K) : N orm(α) ≡ 1 mod(p 2 )}, (see [2] and references therein). Here, the norm N orm acts from K to Q.Hence, we must prove that H ⊂ P.
Let us choose β = (1 + p). Clearly, β ∈ H. On the other hand,
Hence, β ∈ P and H ⊂ P . The lemma is proved.
The main aim of this section is to prove the second inequality namely r 0 ≤ R − − r − . To do this, we will study (Gal
We make an important
whereH is the group of those principal ideals of K 0 = Q(ζ 1 ), which possess a generator g such that g ≡ 1 mod(ζ 1 − 1) p . Indeed, there is an obvious surjection (I 0 (K)/H) p → (I 0 (K)/H) p and its kernel is the ideal (p + 1), which is contained in ((I 0 (K)/H) p ) + . Hence, the odd parts are isomorphic.
From now on we will use notation H n for the group of those principal ideals of K n = Q(ζ n+1 ), which possess a generator g such that g ≡ 1 mod(ζ n+1 −1) p n+1 (H 0 =H).
Let M n /K n be the Sylow p-part of the ray class field extension associated with the group H n . Hence, M n /K n is an abelian extension with the Galois group Gal(M n /K n ) ∼ = (I 0 (K n )/H n ) p , where I 0 (K n ) is the group of ideals of K n prime to p and (I 0 (K n )/H n ) p is the Sylow p-subgroup of the finite group I 0 (K n )/H n . Denote the group Gal(K n /K 0 ) by G n . It naturally acts on I(K n )/H n . Let us remind the reader a standard notation: if a cyclic group A generated by a ∈ A acts on a group B, then
Our next goal is to prove
Proof. Obviously, it is sufficient to prove that
where G = Gal(K m /K m−1 ). For this will need an idelic interpretation of I 0 (K m ). Let J(k) be the idele group of a global field k. For any valuation v, let k v be the corresponding completion.
Let S be a finite subset of the set of all valuations of k. Denote by J S (k) ⊂ J(k) the subgroup of elements which have 1 at all vcomponents, v ∈ S and let U S (k) ⊂ J S (k) be a subgroup, which has a unit of k v at any v-component (clearly v / ∈ S). In our case, for all K n , S will contain two elements: the archimedean valuation and ω n = (ζ n+1 − 1). We have a surjection J S (K m ) → I 0 (K m ) with the kernel U S (K m ). Consequently, we have a surjection J S (K m ) → I 0 (K m )/H m with the kernel (K * m ∩ U m,ωm ) × U S (K m ). Here K * m = K m \{0}, U m,ωm is the set of units of (K m ) ωm , which are congruent 1 modulo ω p m+1 m = (ζ m+1 − 1) p m+1 , and K * m is embedded into J S (K m ) diagonally. So, we have an exact sequence of G-modules:
Let us prove first that H 0 (J S (K m )/U S (K m )) = (J S (K m )/U S (K m )) G = J S (K m−1 )/U S (K m−1 ). To do this, we consider another exact sequence of G-
Clearly, we have
Here the valuationṽ of K m−1 lies under v (see [1] for details). Now, the corresponding exact sequence of cohomology groups reads as
Let us return to the exact sequence (1) and the corresponding exact cohomology sequence:
The following observation is clear:
Thus, the statement of the theorem will follow from that of H 1 (G, K * m ∩ U m,ωm ) = {1}. Let us prove this.
Any 1-cocycle is generated by some x ∈ K * m ∩ U m,ωm such that N orm Km/Km−1 (x) = 1. Hilbert 90 immediately implies that x = σ(a)/a for some a ∈ K * m (σ is a generator of G). On the other hand, the same x generates a 1-cocycle of Z 1 (G, U m,ωm ). Let us prove that H 1 (G, U m,ωm ) is trivial. Indeed, let u ∈ U m,ωm . Then the series log(u) converges that provides an isomorphism U m,ωm ∼ = ω p m+1 m · O((K m ) ω ). Here, O(k v ) denotes the ring of integers of the local field k v . Since O((K m ) ω ) is a free G-module, we obtain H 1 (G, U m,ωm ) is trivial. Consequently, x = σ(u)/u for some u ∈ U m,ωm . Now, it is not difficult to finish the proof of the theorem. We have x = σ(a)/a = σ(u)/u. Therefore, t = a/u ∈ (K m−1 ) ω . We can find a 1 ∈ K m−1 and u 1 ∈ U m−1,ωm−1 such that t = a 1 /u 1 because K m−1 is dense in (K m−1 ) ω . Finally we get: b = a/a 1 = u/u 1 ∈ K * m ∩ U m,ωm and σ(b)/b = σ(a)/a = x. Thus, H 1 (G, U m,ωm ) is trivial and the theorem is proved.
The main result of the section is
Proof. The idea of the proof is to find r 0 cyclic extensions M α of K n such that 1. M α ⊂ M · K n ; 2. Gal(M α /K n ) is an odd group with respect to the natural action of the complex conjugation;
3. The extension M α /K n ramifies at ω n .
There are obvious candidates for M α , namely M α = K n ( 1/p m i +1 ), where 's are units of K = K 0 , which are local p mi -powers (m i > 0) in K ω0 but not ppowers in K. We have exactly r 0 such units. Let m = m i . Let γ = 1/p m ∈ K ω0 . Then, the extension K ω0 (γ 1/p )/K ω0 ramifies and consequently the extension (K n ) ωn (γ 1/p )/(K n ) ωn ramifies. Let us explain this.
Explanation 2.8. Indeed, this extension cannot become unramified of degree p because it contains a ramified subextension K ω0 (γ 1/p )/K ω0 Then, the only possibility is that (K n ) ωn (γ 1/p ) = (K n ) ωn . Taking n minimal with this property, we get following relations between degrees:
Further, (K n−1 ) ωn−1 (γ 1/p ) ⊂ (K n ) ωn (γ 1/p ) and hence, (K n−1 ) ωn−1 (γ 1/p ) = (K n ) ωn = (K n−1 ) ωn−1 (ζ 1/p n ). So, ζ n γ −1 = r p , r ∈ (K n−1 ) ωn−1 . The latter equality cannot be true even modulo (ζ n − 1) 2 that completes the explanation of the third statement.
The second statement is clear because by Kummer's Lemma is real and consequently, Gal(K n ( 1/p m+1 )/K n ) = (Gal(K n ( 1/p m+1 )/K n )) − .
It remains to prove the first statement.
To prove this claim we have to use some facts of the global class field theory (see [1] ). Let F Kn( 1/p m+1 )/Kn : I 0 (K n ) → Gal(K n ( 1/p m+1 )/K n ) be the map constructed using Frobenius maps. The Artin map (see again [1] ) ψ Kn( 1/p m+1 )/Kn : J(K n ) → Gal(K n ( 1/p m+1 )/K n ) satisfies
Artin maps;
is the image of x under the canonical map J(K n ) S → I 0 (K n );
We proceed to the proof of Claim 1. Let (q) ∈ H n . We have to prove that F Kn( 1/p m+1 )/Kn ((q))( 1/p m+1 ) = 1/p m+1 . Let us present q ∈ K * n ⊂ J((K n ) as q = (q) S ·q ωn , where (q) S = (q, . . . q, . . .) ∈ J(K n ) S and q ωn = q ∈ (K n ) ωn . We have (denoting the Artin map by simply ψ, similarly for F ) : 1 = ψ((q) S ) · ψ ωn (q) = F ((q)) · ψ ωn (q), (q) ∈ H n ⊂ I 0 (K n ). Therefore, proving F ((q))( 1/p m+1 ) = 1/p m+1 is equivalent to ψ ωn (q)( 1/p m+1 ) = 1/p m+1 . The latter is equivalent to that of ( , q) m+1 = 1. Here, (·, ·) k is the ω nlocal norm residue symbol with values in p k -roots of unity. Taking into account that = γ p m we deduce that ( , q) m+1 = (γ, q) 1 . The latter is 1 because of the following exercise from [1] :
In our case it is sufficient to consider k > 1 and l ≥ p n+1 . Then 1 − ω k+l n is a p-power and all three factors in the right hand side are equal to 1. Claim 1 is proved.
Let σ n be a generator of G n = Gal(K n /K). We have proved that K n ( 1/p m+1 ) ⊂ M n . So, Gal(K n ( 1/p m+1 )/K n ) is a factor of Gal(M n /K n ). Since σ n ( ) = , we deduce that Gal(K n ( 1/p m+1 )/K n ) is a factor of (Gal(M n /K n )) Gn = Gal(M·K n /K n ) by Theorem 2.6 (because (Gal(M n /K n )) = I 0 (K n )/H n and (Gal(M · K n /K n )) = I 0 (K)/H). Therefore, K n ( 1/p m+1 ) ⊂ M · K n . The first statement is proved.
Hence, we have constructed r 0 extensions of K n satisfying conditions 1,2,3 above. Corollary 2.2, Lemma 2.3, and Corollary 2.4 imply that the total number of such extensions is R − − r − that implies the required inequality. The theorem is proved. 
Proof of Vandiver's conjecture
After the corollary above, in order to prove Vandiver's conjecture we have to prove that r + = 0. This will be done using Leopoldt's conjecture for the field K (in this case it is known that the conjecture is true). Corollary 1.16 implies In what follows, we will use the group S p defined in Theorem 1.10. Proof. Exactly as in the proof of Claim 1 from the previous section, we have to prove that (d, q) 1 = 1 for any q ≡ 1mod(p). Since d is real, it satisfies d ≡ 1mod(ζ 1 − 1) 2 and the already mentioned in the previous section exercise from [1] completes the proof.
Since h i is a local p-power, we can find r i ∈ K with N orm K/Q (r i ) = 1 such that h i r p i ∈Ē, which is generated by real units of Z[ζ 1 ] as a Z p -module. Therefore, the group of characters of (B p ) − /((B p ) − ) p is a factor-module ofĒ, which is a free Z p -module of rank p−3 2 . However, (B p ) − /((B p ) − ) p has rank p−3 2 + r − as a Z p -module. It follows that r + = r − = 0. The theorem and Vandiver's conjecture are proved.
